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Abstract. A geometric interpretation of the spontaneous symmetry 
breaking effect, which plays a key role in the Standard Model, is developed. 
The advocated approach is related to the effective use of the momentum 4- 
spaces of the constant curvature, de Sitter and anti de Sitter, in the apparatus 
of quantum held theory. 


1 Introduction 

We sent this work for publication at the end of 2005 marked as the World 
Year of Physics. As its epigraph we could use the well-known citation of 
A. Einstein: 


EXPERIMENT = GEOMETRY + PHYSIGS (1) 
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This thesis has been convincingly confirmed in the special theory of relativity, 
the general theory of relativity and quantum theory. The universal constants 
c, G and h playing a key role in these theories, allow simple interpretation 
in either a geometry context or group theoretical terms directly connected 
with geometry. 

In the special theory of relativity the velocity of light c appears in the 
definition of the metric of the pseudo-Euclidean space-time: 


= c^dt^ — {dxiY — {dx2Y ~ 


( 2 ) 


The corresponding 3-dimensional velocity space has Lobachevsky geometry 
with negative curvature — 1 /c^. 

In the general theory of relativity the space time carries Riemann geom¬ 
etry and the components of the Riemann metric tensor depending on the 
universal constants c and G as parameters play the role of gravitational po¬ 
tentials. 

In quantum mechanics such observables as momentum, energy, and an¬ 
gular momentum are generators of the Galilean group. The Planck constant 
h is involved in them explicitly and determines the value of the quantum of 
angular momentum. 

Taking into account the above considerations we may formulate the heuris¬ 
tic conclusion: the appearance of universal constants in the description of 
certain physical phenomena is a signal that in such cases an important role 
may be played by geometric arguments which, because of ([Q), simplify the 
understanding of the physical essence of the considered processes. 

To this end let us turn to the contemporary theory of elementary parti¬ 
cles known as the Standard Model (SM). The notion ’’elementary particle” 
supposes that in accordance with present experimental data these objects do 
not have a composite structure and are described by local fields. The SM 
Lagrangian depends on a finite number of fields of this kind: 

- three families of quark and lepton fields; 

- four vector boson fields hP^, Z^, 7 ; 

- an octet of gluon fields g; 

- the hypothetic field of the Higgs boson H. 

The if-boson has a different from zero vacuum expectation value 


{0\H{x)\0) = ho 


(3) 


with dimension of mass. Thanks to this circumstance fields which have to 
be massive obtain masses proportional to Hq when interacting with H{x). 
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As far as in the SM there are a hnite number of particles, their masses are 
bounded from above. 

The main idea underlying this work is a more general statement: mass 
spectrum of all particles described by local fields should cuts off 
on a certain mass M: 

m < M. (4) 

This universal parameter is called the fundamental mass. In other words, 
in fact we introduce a new notion of a local field, intrinsically consistent 
with the condition ©• Now objects for which m> M cannot be considered 
as elementary particles, as to them does not correspond a local held. 

The above-presented approach allows a simple geometric realization if 
one considers that the fundamental mass M is the curvature radius of the 
momentum anti de Sitter 4-space (h = c = 1) 

pI-pI-pI-pI+pI = M^. (5) 

For a free particle, for which — the condition (jH) is automatically 

satished on the surface ©• In the approximation 

IpoI, I p"! -C M,P5 = M. (6) 

the anti de Sitter geometry does not differ from the Minkowski geometry in 
four dimensional pseudo-Euclidean p-space. 

However, it is much less obvious that in the momentum 4-space © one 
may fully develop the apparatus of quantum held theory, which after transi¬ 
tion to conhguration representation (with the help of a specihc 5-dimensional 
Fourier transform) looks like a local held theoretical formalism in the four 
dimensional x-space II1-0- It is fundamentally important that the new the¬ 
ory may be formulated in a gauge invariant way Eiaiii). In other words, 
in the considered geometric approach there are conditions to construct an 
adequate generalization of the Standard Model, which gives one more illus¬ 
tration of the profundity of the Einstein idea O- The following sections of 
this paper are devoted to this task. 

At the end of this introduction we would like to note one important 
geometric point. The fact is that simultaneously with m , in 5-dimensional 
p-space a second surface exists, 

pI-pI-pI-pI-pI = (7) 
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on which the A-dimensional de Sitter momentum space is realized. 
Although in this case the boundary on the particles mass dH) does not ap¬ 
pear, in the flat limit the de Sitter geometry, similarly to anti de Sitter 
one, coincides with the pseudo-Euclidean geometry of Minkowski p-space. 
Moreover, on the basis of m it is not difficult to develop the formalism of 
local gauge-invariant quantum field theory in configurational 4-space n-0- 
In what follows we shall see that this version of the theory will find its appli¬ 
cation in the realization of the Higgs mechanism in the developed approach. 


2 Spontaneous symmetry breaking in the case 
of neutral self—interacting scalar field 


Let us demonstrate that in the theory of self-interacting neutral scalar field 
ip{x) developed on the basis of the de Sitter geometry ((7|) there is a spon¬ 
taneous symmetry breaking of discrete symmetry (an analogue of (p{x) —>■ 
—(p{x)). Moreover, after the transition to the new stable vacuum the La- 
grangian of the system takes the form corresponding to the anti de Sitter 
case © and the fundamental mass M is determined in terms of OJt. In other 
words, there is a phase transition from the de Sitter geometry to anti de 
Sitter geometry. 

In accordance to [3], the free field Lagrangian for the massless neutral 
scalar field in the case m has the form: 


Co{x) 


1 

2 



gi?2 

+- ^{x)f 


1 / 

2\dx^J 


Uo{ip,x), ( 8 ) 


where x{x) is a neutral auxiliary field. 

If we now introduce in (jH)) the simplest interaction in the form^: 

Cint{x) =-^{ip‘^{x) + x^{x)Y , (9) 

we obtain the following expression for the total density of the potential en¬ 
ergy: 

Uix) = ixix) - ipix)f + ^ {^‘^(x) + X^ix)Y . ( 10 ) 

^Let us note |3] that in the limit ^ oo, i.e. after the transition to the theory in the 
Minkowski p-space, the field variables y(x) and xi^) coincide: (p{x) = x(a:). 
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It is evident that the considered system has a nonstable vacuum state. The 
spontaneous transition to the new stable vacuum is accompanied by breaking 
of the discrete symmetry: 

(fix) -(p(x) 

Xix) -xix) 

The standard procedure of substitution of (p{x) and x{x) by variables with 
zero vacuum expectation values 


( 11 ) 


ip'{x) = ip{x) -(po = <p(x) 


Tl 

T’ 


x'(x) = x(x) -Xo = X(x) + 


071 

T 


leads to the total Lagragian of the system of the form: 


= 5 “ ?(X''W - + 2ff+ 

+f ((v>'(i) - 2ff + (x'(x) + 2frX = 

= 5 + x“(i)) + !n^ip'(x)x'(x) + Cint = 

= 22o(v','x!) + 22i„t{<p',x')- 


( 12 ) 


(13) 


On the other hand, in the theory of the neutral scalar held with mass m, 
based on the anti de Sitter geometry the free held Lagrangian Cq{ip,x) 
has the form 

= I (^t) “ - ^{x{x) - COSH ^{x)f = 

= 1 (^ 7 ) - +x^{x)) + M^cosh^{x)x{x), (14) 

cos/i = 

Comparing C{x) (fTTll and Cq{ip',x') (1121), we conclude that these two 
expressions are identical if one puts 

OJt^ = M^cosh] 3 071^ = (15) 

Therefore, as a result of the spontaneous symmetry breaking the held (p{x) 
obtains the mass 

2x/2 

niH =- M < M. (16) 
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At the end of this paragraph we shall make two remarks: 

1. In our approach all helds (including (p(x) and, in a more general case, 
the Higgs held H{x)) before the symmetry breaking may be considered as 
massless. The point is that here the dimension of mass [m] is generated by 
the fundamental mass DJI. 

2. In contrast to the standard approach we did not need to introduce a 
tachyon. In certain sense the role of a tachyon mass is played by the quantity 
DR, which is the curvature radius of the de Sitter p-space. 


3 Spontaneous symmetry breaking in the case 
of interacting abelian vector and charged 
scalar fields 


Let us apply the developed in n-ia methods to describe the interaction 
between a neutral abelian vector held and a charged scalar held with self¬ 
interaction. As before we shall start with the de Sitter geometry ((Zj). The 
total Lagrangian of the considered system in this case has the form^ 


+2 


C{x) = 

dxL 


- \Fkl{x,x^)F^^{x,x^)-^ 




+D^(p{x,x^)D>^(p{x,x^) +m‘^\ip{x,X5) - ^D5ip{x,X5)\ 


-A^ (|(p(x,a:5)p + ^\D^^{x,x^)\^Y 


K,L = 0,1, 2, 3, 5 


X5=0 


where we have introduced the covariant derivatives 

Di.=d^ + 

D^ — d^A- A^{x, x,). 


( 17 ) 


( 18 ) 


Let us emphasize that in m the expression in square brackets is dehned in 
hve dimensional conhguration space. The Lagrangian involves the variables 
and which have an auxiliary character. Moreover, (ITTjl depends 

on the component which is a gauge degree of freedom. One may easily 

^With the details one may be acquainted, for instance, in 
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exclude all these quantities. As a result the Lagrangian takes the form 


{x) + D^,^p{x)D^^^p{x) + 

+ m^\^{x) - x{x)\^ - + \x{x)\r, 


where 


X{x) = 


i d(p{x,X5) 


DJI dx^ 


X5=0 


Let us separate the real and imaginary parts in (p and y, 


1 


v = + *^ 2 )' 


+n2), 


(19) 


( 20 ) 


( 21 ) 


and pass to helds with zero vacuum expectation values, choosing the phases 
in a simple manner (compare with (IT^ i. 


m 

A ’ 


(pi ^ ifi 

^2 (^ 2 , 


Xi - 
X 2 


xi + f> 

^ X 2 . 


( 22 ) 


In the same way as in the usual theory one of the results of the spontaneous 
breaking of the gauge symmetry is a rearrangement of the held degrees of 
freedom with conservation of their number. The held ip 2 becomes the longi¬ 
tudinal component of the vector held and the latter obtains the mass 





(23) 


Moreover, the quadratic in the scalar helds part of the Lagrangian has a 
structure corresponding to anti de Sitter geometry ©• Therefore, the pa¬ 
rameter 971 may be expressed, using 113, in terms of the fundamental mass 
M. As a result we obtain from (1231) for the mass mv of the vector held 


9 2 

TTly q 

AF ~ 


(24) 


Since in the geometry the mass of a particle cannot exceed the fundamen¬ 
tal mass M, from (121 it follows the relation between the coupling constants 
q and A 

q < VdA. (25) 

In the next paper we shall consider the mechanism of spontaneous symme¬ 
try breaking of nonabelean gauge symmetry in the framework of the present 
approach. 
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